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Abstract
In this note, under some new appropriate conditions, we
obtain a Nagumo-type uniqueness result for a nonlinear dif-
ferential equation. We emphasize that our result still work
with the source functions having time-singular coefficients.
An example is given to illustrate the theoretical result.
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1 Introduction

In the pioneering work of Nagumo (Nagumo, 1926), the author showed that the following

problem {
y′ = f(y, t),

y(0) = 0,

where f : [0, 1]× R → R is a continuous function with lim
t→0

f(y, t) = 0 uniformly for |y| ≤ 1,

has a unique trivial solution, provided that

|f(y, t)− f(z, t)| ≤ 1

t
|y − z|

for t ∈ [0, 1] and y, z ∈ R. After that, there are various papers investigated the Nagumo-type

unique results for both ordinary differential equations and fractional differential equations

(see Athanassov, 1990; Constantin, 2010; Delbosco and Rodino, 1996; Dien, 21; Dien 22).

In this note, we intend to improve some conditions in the works of Athanassov (Athana-

ssov, 1990) and Constantin (Constantin, 2010). To do this, we consider the following differ-

ential equation

y′ = f(t, y) (1.1)

www.tdmujournal.vn Page 202



Thu Dau Mot University Journal of Science ISSN (print): 1859-4433, (online): 2615-9635

together with the initial condition

y(0) = 0, (1.2)

where f is a continuous function on D = {(y, t) ∈ R2 : |y| ≤ 1, 0 < t ≤ 1}. We would like

to propose some new sufficient conditions such that the initial problem (1.1) and (1.2) has

a unique solution.

The rest of this note is organized as follows. In section 2, we present the main result of

the note. In section 3, we provide an example to illustrate the theoretical result.

2 Main result

This section is devoted to stating and proving the main result of this note. Let us begin this

section by giving a primary lemma which we will use to prove the main result.

Lemma 2.1. If y ∈ C1[0, 1] and y(0) = 0 then there exists a positive number M such that

|y(t)| ≤ Mt.

Proof. Let us put M = max
0≤t≤1

|y′(t)|. We have

|y(t)| =
∣∣∣∣∫ t

0

y′(s) ds

∣∣∣∣
≤

∫ t

0

|y′(s)| ds

≤ M

∫ t

0

ds = Mt.

This completes the proof of Lemma.

We continue with the following definition:

Definition 2.2. The class of functions F is the set of all functions ω satisfying:

(i). ω is a strictly increasing function on [0, 1]

(ii).

∫ r

0

ω(s)

s
ds ≤ r for any r ∈ (0, 1).

Based on the above definition, we state the main result of this note as follows.

Theorem 2.3. Let u ∈ C1[0, 1] such that lim
t→0+

u(t) = 0 and u′(t) > 0 for any t ∈ (0, 1).

Suppose that

lim
t→0+

f(xt, t)

u′(t)
= 0 (2.1)
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uniformly with respect to |x| ≤ M for each M > 0. Moreover, there exists a function ω ∈ F

such that

|f(y, t)| ≤ u′(t)

u(t)
ω(|y|) (2.2)

for any t ∈ (0, 1]. Then the problem (1.1) and (1.2) has only the trivial solution in C1[0, 1].

Remark 2.4. The condition (2.1) is weaker than the condition lim
t→0+

f(y, t)

u′(t)
= 0 uniformly

with respect to |y| ≤ 1 in the work of Constantin (Constantin, 2010).

Proof. We prove by contradiction, assuming on the contrary that the problem (1.1) and

(1.2) has a nontrivial solution y ∈ C1[0, 1]. Using L’Hospital’s rule and (2.1) together with

Lemma 2.1, we have

lim
t→0

y(t)

u(t)
= lim

t→0

y′(t)

u′(t)

= lim
t→0

f(y(t), t)

u′(t)

= 0.

We define a continuous function on [0, 1] for some t0 > 0 as follows

ζ(t) =

0 as t = 0,
y(t)

u(t)
as 0 < t ≤ 1.

Since ζ ∈ C[0, t0], so there exists t∗ ∈ [0, t0] such that ζ(t∗) = max
0≤t≤t0

|ζ(t)| > 0. Then, we

have

|y(t∗)| ≤
∫ t∗

0

|f(y(s), s)| ds

≤
∫ t∗

0

u′(s)

u(s)
ω(|y(s)|) ds

=

∫ t∗

0

u′(s)

u(s)
ω

(
|y(s)|
u(s)

u(s)

)
ds

<

∫ t∗

0

u′(s)

u(s)
ω(ζ(t∗)u(s)) ds

=

∫ ζ(t∗)u(t∗)

0

ω(z)

z
dz

≤ ζ(t∗)u(t∗).

This leads to

ζ(t∗) =
|y(t∗)|
u(t∗)

< ζ(t∗),

which is absurd. So, the proof of the theorem is completed.
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3 Example

In this part, we provide an example to show the applicability of the obtained result. This

example also shows that the improvement of our result compared with some previous one.

Example 3.1. Find all solutions of the following problemy′ =
y cos t

sin t(ln t− 1)
, (0 < t ≤ 1),

y(0) = 0.
(3.1)

in C1[0, 1].

Solve. Remark that y(t) ≡ 0 is a solution of the problem (3.1). We will prove that the

problem has nontrivial solution. In fact, put u(t) = sin t, then one has

f(y, t) =
y cos t

sin t(ln t− 1)

=
u′(t)

u(t)(ln t− 1)
y.

Since |ln t− 1| ≥ 1 for any t ∈ (0, 1], this gives

|f(y, t)| ≤ u′(t)

u(t)
|y|

=
u′(t)

u(t)
ω(|y|), (3.2)

where ω(z) = z. It is obvious that ω ∈ F. Moreover, we also have

lim
t→0+

f(xt, t) = lim
t→0+

xt cos t

sin t(ln t− 1)

= lim
t→0+

t cos t

sin t
lim
t→0+

x

ln t− 1
= 0 (3.3)

uniformly with respect to |x| ≤ M for some M > 0. From (3.2) and (3.3), we find that all

the assumptions of Theorem 2.3 are true. Therefore, we conclude that the problem (3.1) has

a unique solution y(t) = 0. 2

Remark 3.1. Note that

lim
t→0+

f(y, t) = lim
t→0+

y cos t

sin t(ln t− 1)
̸→ 0

uniformly with respect to |y| ≤ 1, so, we can not use the result in (Athanassov, 1990) or

(Constantin, 2010) to conclude the problem (3.1) has only a trivial solution. This shows the

improvement of our result if compared with some previous results.
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